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STABILITY OF PLATES AND SHELLS 
BEYOND THE PROPORTIONAL LIMIT* 
By A. A. Ilyushin 


The problem of elastic equilibrium of plates, shells, end, in 
general, of thin-walled elements of metal structures and machines 
has been solved in the basic works of Bryan (reference l), Timoshenko 
(reference 2 ), and many of their followers (reference 3 )* But essential 
difficulties were met in connection with the experimental verification 
of Euler’s formula that could not be resolved within- the bounds of the 
theory of elasticity. In practical applications, rods, plates, tubes, 
and other forms of shells, usually having only relatively thin walls, 
under the action of compressive forces often go beyond the proportional 
limit beforo reaching the cx-itical (elastic) point, and therefore 
become unstable at appreciably lower loads. 

This circumstance of the diminishing value of the formulas 
giving the critical loads under elastic deformations was completely 
cleared up in the fundamental works of Engesser (reference h) , and 
von Karman (reference 5), who showed the limits of applicability of 
Euler’s formula and extended these limits to the whole range of 
elastico—plastic deformations of rods under compression. The widely 
known result that Euler’s formula, remains valid even for p.la.stic 
deformations if Young’s modulus E' is replaced by von Karman’ s 
modulus K received such exact experimental verification that it ‘ 
was transferred automatically to many other cases of instability. " - 

Thus, for rectangular r plates compressed in the x—direction :by • 
a force P, Bleich (reference 6) without proof proposes to generalize •' 
the equation of Bryan to the case of plastic deformations by the. . intro- 
duction of a corrective factor 


*"Ustoichivost Plastinok 1 Obolochek , za Predelom Uprugosti ' 1 ' 
Prikladnaya Matematika i Mekhanika, N.S. 8,. No. ‘5, 191 +k •••pp/ 337—360, 
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Geckeler (reference 7) just as formally generalizes the equation of 
longitudinal "bending of thin-valicd tubes that buckle into axially 
symmetrical waves 
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and shows that an analogous consideration of plasticity with the 
aid of von Kerman’ s modulus can "be made in 'many other cases. 

Among engineers the idea has very wide circulation that if 
the material of a plate or 3hell has a pronounced yield— plateau 
at a stress equal to the yield limit the plate will completely 
loose its load-carrying ability. 

Let us note at the very beginning that all these conjectures 
turn out not only to be groundless but also, generally speaking, 
incorrect. They lead to an incorrect estimate of the load-bearing 
ability of structures and to too great a weight. 

To Brylaard (reference 8) belongs the attempt to formulate the 
problem of the stability of compressed plates beyond the elastic 
limit on the basis of the Hencky-Mises theory of plasticity. But 
he was not able to cope with the difficulties of analysis of the 
stresses and strains in the elastico— plastic region, and after 
obtaining his formulas for calculation he had to introduce empirical 
corrections. As for other works.. it is difficult to point out any. in 
which the reasoning and deductions were more basic or, better, loss 
baseless than- in the mentioned works of Bleich and Geckeler. 

In the present paper is examined the method of investigating the 
stability of plates arid shells beyond the elastic limit, that proceeds 
from the " general! zatiori of the Hencky-Mises theory of elastico-plastic 
deformations given in the works of Smirnov-Alyayev (reference 9 ) > 
Schmidt (reference 10), and in our papers (reference 11). 
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1 . . IAN OF PLASTICITY FOE STATE OF PLANS STRESS ; ' ‘ 

IN. VARIATIONAL FORM. - 

Let us define the coordinates x, y, z, such that the xy-plane 
is tangent to the middle surface of. the shell; ’.take, the x- and y-axes 
directed along the tangents to the arbitrarily .-chosen orthogonal 
curvilinear coordinates a, Py and the z— axis normal to the surface. 

The basic thesis of the theory of shells is that at each surface 
z = constant there exists a state of plane stress varying with -z. 

The connection between the stresses T x . Y y> X y . and strains e^j 

eyy, eyry, can be written in the form 

. ill 

*y-* 

The "intensity of stress" 

a ± = + y/ - X x y y * 3X y 2 . (1.2) 


l-oi( ei )j + I 
1 - w( s i)J ^o yy .+ - > 


1 “ “( 6 i> e xy 


( 1 . 1 ) 


and "intensity of strain" 
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rxryy 




(1.3) 


are connectod by the relation 


^i.= 3^i =.3G(1 - co)s 1 (l.h) 


so that the function os is defined by the physical propertios of the 
material . 
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Let us find the- variation .oP- theiiljfttenblty. df : - strain ■ 

3<?< . ■'Sfi.t'A': S«. 

u < ~ — 5e =c + 7— 5e yy + 7— ^xy 


cte 


XX 


ce 


yy 


^®xy 


^ € i 


F^ e xx, + Y y 5e yy + z y 6e xy 


.) ■ 


From this , we get 


"i 8e i - V»rt + VV + VV 


( 1 . 5 ) 


Under the action of given external forces let the shell have the 
definite stress -condition X x , Y X_ r . ■ Instability sets in when, 

at certain values of the external forces in addition to the indicated 
equilibrium state of stress, another state X x + 5X x , + 5'Y , 

X y + 5Xy is possible, where the transition from the first to the 
second takes place under constant forces. 

Assume that we know the strain differences between the second 

and first ecuilibrium states Se YV1 5e„. r , 

yy- x,y 

Before instability one region of a shell II 1 ' may be in a 
plastic state and another region Y in an elastic state. After 
instability the region II will divide into two parts; II H 
and H— >Y; in the former, loading will continue, -that is, -the 
transition from the first state to the second produces the further 
plastic deformations • 


ct.j S ej. 0 


while in the latter, unloading occurs; that is, this transition 
produces again elastic deformations ' ■ ■ ' • . ' 


^Translator’s note: II - plasticheskii (plastic); Y-uprugii 

(elastic).. . : - c 
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o^Se^ < 0 :■ 


Thus the boundary between the two regions II — > II and ' II— > Y 
has the equation 


°i 8 *i - X X Se 3CC + W + V e x.y - 0 


( 1 . 6 ) 


and represents a' certain -surface z =' £ 0 (a, (3) , 

It is not necessary to investigate specially the region of 
purely elastic deformations, since the function 0 )(e i ) for usual ' 

materials has everywhere a continuous derivative and' therefore • at 
instability the region Y will remain elastic; to it are applied 
the results of the theory of elasticity. 

Lot us investigate the relation between the variations of 
stress and strain for the region II— >H. Varying (l.l) we find 


5X x = kQ 


(1 - co)( 5e„ v + i 8e. 


\ 


xx ^ 2 yy 


rj ~ \^xx + 


5X y - a 


(1 - <u)5e xy - e xy 5^ 
de i 


Let us introduce the symbols 


a 


? i \/ 1 


CO ' 


/«* 


°i Vl - 


CO 


> 


• c = 


/ /to* 

a i V 1 - 


CO 



dco 




(1.7) 
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I 1 = — = ~(1 - <o) 
a i CT i 


Using .these in equations (l.l) and ( 1 . 5 ) we get finally 


= (Mj. — a 2 ) Be.^ +. (2p. r- ab) 5e„_ r — acBe-jry 


= ( 2 ii - ab) be,-. + ( ?+Ti — b 2 ) 5e irr . - bcftol 


j- 

=' — acBe - bc5e vv + (ii - c 2 ) Se_ 


For the region II — i>Y it is necessary to put in ( 1 . 9 ) to = 0 , 
M- n = Thus 


CT ^ 58 ^o® e XX + 2|a o &e y; 


“ 2 ^o 5e rjc + W 0 6e^ 


^ " s ° 5e ^ 


( 1 . 10 ) 


The expression ( 1 . 9 ) shows that, in the region II — r>H. as 
the result of instability, there appears the characteristic aspect 
of anisotropy when the additional normal stresses depend also on 
the variations of the shear strains and the additional shear 
stresses on the variations of the normal strains. 


2. LAW OF PLASTICITY IN VARIATIONAL FORM 


FOR PLATES AND SHELLS 


Instability is attended by changes in the first and second 
quadratic forms of the middle surface. Let e 1 ,6 be the 
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direct strain in the x and y directions and y = 2^ the shear 

strain in the xy— plane . appropriate to the change in the first 
quadratic form, and X x , X , t, the curvatures and twist appropriate 

to the change in the second quadratic form. The quantities considered 
represent the differences between the strains and curvatures after 
and before buckling, for which reason the quantities , Xg, t 

are called also distortions. 

•The six quantities e,', e e;. X X , t can be expressed 

2 3 x 2 

in terms of the displacements u, v, w, by means of partial deriva- 
tives of not higher than the second order in the curvilinear -coordi- 
nates a, (3 in the most general case. These expressions we shall 
consider known. Inasmuch as they are derived in many treatments on 
the : theory of elasticity and elastic stability. 

The strains in a surface at a distance z from the middle 
surface are given by linear functions of z: 


80 


xx 


zX, 



( 2 . 1 ) 


Be. 


xy 


= 2e- 


2zt 


On the basis of equation (1.6), we find the boundary of the 
regions II — and II— > Y, denoting the appropriate ordinate 
by z 0 


Vl + "^y e 2 + "^y '’3 

Vi + V2 + ^y" 


(2.2) 


For definiteness,-, we assume that the region II — adjoins 
the surface of the shell z = i h and the region II— adjoins 

the surface z = - h, where h is : the thickness of the shell. 



H| CM 
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Then from equations (1.9)* (1.10), and (2.1) we have for 


h ^ z ^ z Q 




8X 


X 


ry 

- (lift - a )s x + (2ft - ah)€g - 2ace 3 - 


+ (2ft - ah)X. - 2acT 


(4u - a 2 )X 


1 


8Y 


I 

= (2|1 - ah) 6 1 + (i+jl - h 2 )e 2 - Phce^ - z (2p. - ah)X 1 |)(2.3) 


+ (h-fr - h 2 )X p - 2hcT 


8X. 


y 


ace^ - ho6 p + 2 (ft - c 2 )e^ - z 


-acX, - hcXp + 2(fi 


n — c 2 )t 


for z Q > z > - - h 


CT i 

5X,. 


^o s l + 2 ^o e 2 

2ft o^i + ^ 0 e 2 


2 V 3 - z2| V 


z(4ft 0 X 1 + 2S 0 Xp) 


I 

- z(2ft 0 X 1 + 4ft c X ) } (2.4) 


Now we may write the variations of tho resultant middle-surface 
forces 


ST, = 


Ah 


1 = J-i 


h 


SX dz 
x 


p- h • • 

st 2 = j 2 8 Y y az ^ 

iLih 
' 2 

P i- h 

53 s JAh ^ 


(2.5) 
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Employing the following dimensionless quantities for the distortions ■ 
and the ordinate z 

r. 

\ - 1 h^ x , ='| hX 2 , t = | hr = X3 , z » | z, (l> % > -1) (2.6) 


and taking into account the different expressions for SX Xj) SYy, 
5X y for 1 > z ^ z Q and z Q > z > - 1 , we find 


2 ^_ _ rz Q ^ 

’ ncf i ,/-l ff i 




■>1 SX. 


1. 




— dz = 
ff i & L 




i 1 


2ST 


2 r 


5Y 


= / 


her. / „i CT i 

1 1/ x - 1 


— dz + 


1 5 Y 3 r 

—I dz = >" 

" i=l 


</ 2 o 01 


+ V a (i) 


> (2.7) 


S5§ . r*o ^ dz _ + n BXy d „ s ^ + - T Ji) 

hcJ i J - 1 a i • V z 0 CT i i=l 


"i 3 


i 3 


where t k ^, are ^^ined hy the formulae 

ti* = 4(ii 0 + a) + 4(d 0 - i)z Q - a 2 (l - z Q ) 

t 3 " = 2(d 0 + il) + 2(jl 0 - d)z 0 - ab(l - z D ) 

t^'" = — 2ac(l — z 0 ) 

t g ’ = 2(jl 0 + p.) + 2(p. 0 - d)z 0 - ab(l - z 0 ) 

tp" = 4 (m. 0 + h) + 4(p. Q — |l)z 0 — "b -(1 — Zq) 

t s ,B = — 2hc(l - z Q ) 
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t 3 f = — ac(l - z Q ) 
t 3 " j= —be ( 1 - z D ) 

t 3 "' = 2(|I 0 + £) + 2(jl 0 - S)z Q - 2c 2 (1 - z Q ) 


T 1 t = |2(jl 0 - |3) + i a 2 (1 - Z c 2 ) 

T l" = (*0 - 11 + 2 al3 ) (1 ~ 5 o 2) 
V’ = ac(l - z q 2) 

r 2 = “ 11 + I ab ) (1 “ V) 

t 2 " = 2(fl 0 - ji) + | t 2 | (1 - z q 2) 

t 2 w - Mi - v 2 ). 

t 3 ‘ = § ac(l - z D 2 ) 
t 3 " = | tc (l - z Q 2 ) 

T 3’" = <*o “ i 1 + ° 2 H 1 - z 0 2 ) 
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these expressions, for 1 > z > z q , can he transformed into 

\ ( S3c i- I SY y) " 3P( 5 1 “ **l) - 1 “1<« “ | *) C* - «> 

- (® Y y ~ | 6Z z) “ 3ff(«g - - 3 t (b - | a) '(« - 5*1 


1 

®i 


> (5.9) 


i ( e 3 ~ zf ) " s i c 


a SX y B 2 h^6 3 - ZT) - s^c( e - sX) 


Multiply the numerator and denominator of the expression (2.2) by 

1 


O'’ 


s - a i V 1 — 


and divide both sides of the equation by i- h.; as is easily seen, 
we get ’ ^ 


( 2 . 10 ) 


Introducing e = z Q X into equation (2.9), we get finally: 
for 1;> z > z Q 

5~^ s x “ | 5Y yJ = 3A.« 1 - 31i\z + e 1 (a - | b)(£ - z 0 )x 

§l(® Y y “ 2 5Xx ) = 3iie 2 ~ + 8 -l(f ~ I a )(' Z - |> (2- 11 ) 


“* 8Xy = 2pe 3 ~ 3iiTZ + s i c(z - z Q )x 


z 0 > z > -1 


for 
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1 



3£ 0 6 i - 3*0*1® 

3S 0 e 2 ” f 

2 ^o ? 3 “ 2^0^^ 



( 2 . 12 ) 


From these equalities it is easily seen that the system, of 
equations (2.7) can he written in the form 




2 

hcTi 


8S 


\i 0 + n + 




(2 13) 


The relations (2.13) permit the derivation of a result extremely 
important for the theory of stability of shells: multiplying the 

first by a/s ±3 second by b/s^, third by 3c/s iJ and adding we 

obtain 


f . _~j 

<| s i 2 ( 1 " £ o) 2 + 3.(^0 “ ^i 1 “ *o) + 6 *oj^o + Tx + (q D - ti)z 0 j 

(a - ^OTi + (b - | a) ST ? _ + 3cSS 


X 


haiSi 


(2.14) 
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From equations (1.7) and (2.8) we have 


s i 


03' 


1—03 


Differentiating equation (1.4) we get 


1 dg i . 1 f fi _ 

i. 


= Si e - 3P . « 

1-03 cr i • die i ■ ; o± V H ds 


(2.15) 


(2.16) 


Returning to the initial expressions for the forces and strains 
"before instability (T-| = hX^.., S = hXy . . . ) we transf orn 

equation (2.14) into 


4E 


- *»> 8 - a,. 


(! - z Q ) 


E - 


de. 


4E 


da. 


E - 


1 - (1 - 03) 


e ST n + e 5T_ + e RS 
xx 1 yy 2 xy 

^1 T 1 + *2 T 2 + 2fS 


= 0 (2.17) 


ds 


where E = 3^. 


Solving this quadratic equation for z Q = 2z Q /h we find the 

thickness of the region XI — ^XX relative to the thickness of the 
shell 



(2.18) 


Here the quantity <p is defined by 


E - a, * 


■e- - u.. ’ 

<P = ±- (1 _ 0>) 

rt . » 


e 5T + e 5T 0 + e &S 
xx l ,yy 2 xy 

T l\ + T 2 X 2 + 2 St 


(2.19) 
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and is Invariant with respect to a rotation of axes x,. y •. 1 about 
the z— axis, "because the "bilinear forms in the' -'numerator and denomi- 
nator are invariants. 

We have obtained the following, result : The regions II— ^ IT 

and U — >Y resulting after buckling of a shell are divided by a 
surface given by equation ( 2 . 18 ) j the position of this surface 
within the shell defends , in general, both on its state of stress 
and strain before instability and on the form- of buckling, namely, 
the ratio of the work done by the additional middle— surface forces 
on the strains in the base state e y ^BT^ + e V yf>Tg + e^.SS to work, 

arising at buckling from the distortion of the middle surface, done 
by the projections on the normal of the forces T., T 0> S . . , 

T l*l + t 2^2 + • 


Let us pass on to the calculation of the bending and twisting 
moments resulting from the system of stresses (equations (2.11) and 
(2.12)). By definition we have 


6M ] _ 






( 2 . 20 ) 


SH 


= I 2 5X z dz 

J- 1 y 

. 2 


Calculation gives 
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24 

h 2 a 


£<, + 5 + (So - d)z 0 3 


24 

h^a 


“ ( SM 1 - \ & m 2 ) = -9(S 0 - S)(l - 5 0 2 K - 6 

+ Si (a - | T))(z 0 3 - 3z o + 2)x 
~ ( 8M 2 - I 5M i) = -9(^0 - i^)(l - ~ z o 2 ) e 2 - 6.fi 0 + h + (U Q - n)z Q 3 
+ s^b ~ |.a)(z 0 3 - 3z 0 + 2 )* . 


x. 


! 


24 
h 2 a.» 


8H 


= ~6(m q - d)(l " z o 2 ) € 3 - 4 |i 0 + n + (U 0 — jl^ 
+ s iC (z 0 3 - 3z 0 + 2)x 


u\z 3 


(2.21) 




From this too can he derived a relationship analogous to 
equation (2.17) "but cubic in z q and having in place of cp a new 

quantity containing the ratio 

e *X SM l * »yy8« g + 


+ T 2 X 2 + 23f 


Thus, for the general case of instability, the connections 
between the variations of the resultant forces and moments and the 
variations of strains,, curvatures, and twist or, in the final 
analysis, the variations of the three displacements are given by 
the relations ( 2 . 13 ) and (2.21) where in place of z Q its 

expression (2.10) must be introduced. 

The five quantities: the variations of the three components 

of displacement u, v, w and the variations of the two trans- 
verse forces Ih]_, Np, must satisfy five differential equations 
of equilibrium of the shell. 

All the expressions obtained above remain valid both in the 
case of olastico— plastic strains and in the case of purely elastic 
strains; in the latter case it is merely necessary to put 


i ii i 


II 


i ii ■ 1 1 
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Let us list the interesting •features of the expressions (2.13) 
and (2.21) . 

(1) If at the elastic limit the variations of the forces 5T., , 

STq, SS depend only on the strains ^d var i a £i° ns 

of the moments SM-^ SM^, 8H only on the distortions X^, X t 

then heyond the eLastic limit both defend on the strains and the 
distortions. 

(2) If at the elastic limit the stiffnesses of the shell in 
extension and bending depend simply on the thickness of the vail 
and the modulus of elasticity, then beyond the elastic limit they 
depend both on the construction of the shell and the forces acting. 


3 . CASE WHERE INSTABILITY IS NOT ACCOMPANIED 
BY A CHANGE OF MIDDLE-SURFACE FORCES 


Placing 


5T X 2 &T 2 = SS = 0 


we find accordingly from equations (2.19) and (2.18) 

\/E 


9=0, ~(l Z Q ) = h ^2 z oj 


— /da. 

; \/'E + v / 7 -i 

V d€ i 


(3.1) 


(3.2) 


In this case, as is seen, -the surface separating the regions 
TT— » TT and II — Y does not depend on the form of buckling and 
is defined only by the state of stress before buckling, namely, 
the invariant E" = dff 1 /cU i , that is, the slope of the curve 

0^ = s i (e i ) at each point of the shell; if the intensity of stress 
0j_ before buckling is the same at every point, then the boundary 

between the regions II— > II and II— > Y is a surface parallel 
to the middle surface. 
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Taking into: accd,uh 1 :''.'relat lone ( 1 . 7 ), ‘-(■ 2 t 8 >j‘ "and, ( 2 ^ 15 ), we..?', 
have : ■' >• ■ 



where the- quantities 




Y 


Y v 55 
5 a 


y 


7, 

X- » JL 
y *i 


represent stresses referred, to their intensity "before instability, 
so that- 


j* 8 + V - ** P + 3i/ - 1 


x 


On the basis of equation "(3.1) we' find from equation ( 0 . 13 ) 
expressions for the strains in the middle surface of the shell 


— e- 


~ e 2 = 


(u 0 - \x ) (l - Z q 2 ) 


2|H 0 + H + (n 0 ~ ^)*oJ 

(p Q - n)(l - z 0 s ) 

2 jp 0 + n + (p 0 - p)z o | 2 


“ X 1 + ( ” 


dcr 

dq, 


A C 1 - - I h) 


i a i/ 6 p 0 + n + (p D - n)z 


x + 




dcr 


• r ^ o o I 

, \ (i - *o)% - 1 


\ G i d£ l/ Sju o + n + (m. q - n)z 


Oi 


x > 


"3 


|i ) - 2 Q g ) „ ( a i ~~ z o) ~ Y y 


^=r T + 


2|p 0 + 1-1+ (H 0 ~ ^)2 0 ! \i ' ae V + P + (U Q - H)s 0 "| 


X 
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In contrast to the case of elastic instability here the 
following phenomenon is observed; if buckling of the shell 
beyond the elastic limit takes place under constant middle- 
surface forces, then it is accompanied by middle-surface strains 
proportional to the' ensuing distortions. 

Entering these values of the strains into the expressions 
for the bending moments (equation (2.21)) and collecting terms, 
•we obtain . — 

% K - | *s) - - WM 1 - ^ o C 

ll x / 


2h ( 5M 0 - i 5M 
2 2 1 


h 2 


- - l^od -*)% + 12ti 0 < 1 -^( Y y " | X x) X > <3.5) 


.24 

h 2 


5H 


8n r ,(l -t) r + 12u (1 -x)x ir x 


where 


3 (n 0 ~ h) g (l - z Q g ) ; 


8p. 0 1 ! f = -f- + - ^(l - i Q 3 ) 

ho + ia + (|i 0 - n)z Q 


12!i 0 X = 12n. 


_ l/fi dCT i > \ 
6 ~ %i 


3(p 0 - n)(l - z o 2 ) (l - z o )' c 


U 0 + ^ + (H 0 - h)z Q 


Let us now introduce the quantities 

dcr. 

4E 1 


K = 


de , 


\/E 



k = 


K 

E 


+ 2 (z q 3 - 3i 0 + 2) 




(3-6) 

. (3.7) 


The first represents a generalized von Karman modulus for the 
case of a complex state of stress; the second, the relative modulus. 
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On the "basis of equations (1.4) and (3.2) we have 


- H = z Q “ -1 + \/k 


and, consequently, the functions and X can "be expressed in 
terms of the rigidity decrease function co and the relative modulus 
k. After rather cumbersome transformations we obtain 



x = k + t (3.8) 


Solving the system (3*9) for the bending moments we obtain 
finally the basic formulas 


&M. 

~D 

8M, 

“D 


«( x i * I x 2 ) + fa - * - + "Va + ^y T ) 

- - *)(\ + 1 \) * Jo- - * - *>? y (v<l + f 


y -2* ?J£ y T 


)/ (3.9) 


&H 

D 


|(1 - t)T + 1(1 - ♦ - k)X y (x x X L + YyXg + 2 X y r) 


where D denotes the usual bending stiffness of the shell 

3 • 


. D = 


Eh" 


12(1 - v2) 


for the value of Poisson* s ratio V a 0.5. 

Let us point out some consequences of the relations obtained: 

(l) If the characteristic of the material of the shell cr^ = cr i (e i ) 
has a pronounced yield-plateau, so that at some point, the intensity 
of stress = c 3 and cln^/de j = 0, then the generalized von Kdrman 

modulus at that point becomes zero, but, in the general case, the shell. 
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nevertheless, does not lose its stiffness completely, since, besides 
k = 0, ♦ » a» < 1. The smallest stiffness will correspond to the 

end of the yield-plateau where the rigidity decrease is greater than 
any other point on the plateau. The only exceptions are several 
particular cases to which belong von Karman T s problem of the stability 
of a strut. 


(2) The bending moments, resulting from buckling are linear 
homogeneous functions of the distortions and have the pptential 



The function W represents the work of the bending moments on the 
distortions of the middle surface resulting from buckling referred 
to unit area of the middle surface, so that the total work will 
equal 

PP 

i j W df 
t-'d 

This makes possible the application of the method of Timoshenko 
to the analysis of elastic o-plastic stability of shells. 


( 3 ) As the two terms on the right— hand, sides of the relations 
( 3 . 9 ) show, the stiffness of the shell at instability beyond the 
elastic limit depends on both the plastic deformations before 
instability and the relations between the acting stresses X x , 

Y , and X . Exceptions are those cases where before buckling 

y y 

there exists the relation 
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true, generally speaking, only- In the elastic region "where A = E. 
However, for some materials the characteristic ) may 

have points where the tangont goes through the origin of coordinates 
so that A < Ej at these points 

«>.Mi zlJR- _ ja — 

(2 - v/k) 2 ( \/E + X /A) 2 

The formulas (3.9) in this case show that the stiffness of the shell 
is proportional to the modulus K, and the critical forces are 
obtained from their elastic values by replacement of the modulus, 

( 4 ) The forces T^, T p , S perform on the middle surface 

strains eg. 7 => 2s 0 work which on the basis of equation (3.4) 

or equation (2,2) equals J 

T'i^i + T, ? c: 2 + 23 p 3 <* a 0 (T 1 X 3 _ + TgXg + 2 StJ 

If stability is Investigated by the method of Timoshenko, this quantity 
may be omitted from the expression for the work of the inner forces. 

If also there is omitted the equal work of the peripheral (external) 
forces on the displacements corresponding to the strains e-j , e P , 

e 3 ; that is, the work of the external forces should be calculated 

only from the displacements arising from the distortions of the 
middle surface . 


4 . STABILITY OF PLATES 


Let x,y be Cartesian coordinates in the middle surface of the 
plate and w(x,y), its deflection under buckling. The curvatures, 
as is well known, will be expressed by the formulas 


X 

1 


X S 2 w 
5 x 2 2 < 3 y 2 


T 


S 2 w 


Sx Sy 


( 4 . 1 ) 


The work of the peripheral forces on the displacements arising 
from the distortions of the middle surface is equal to 
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*$$■**$! 


+ 2S |£;.|£ 
ox dy 


on 


"7 IT 2 


dx dy = -f 


- w + ^ 


V't) » 


dx dy 


(4.2) 


and, consequently, the increment (variation) of total energy of the 
shell due to "buckling is 

J “// W + I *i(W + *y w y 2 + ^.y w x w y)j ^ d x . (M) 


The condition that this quantity equal zero 

J = 0 


(4.4) 


represents the generalized equation of Timoshenko for the case of 
elastico— plastic deformations . 

In the first approximation the equilibrium of the shell after 
instability is neutral j that is 

SJ = 0 

In order to prove this statement, it is sufficient to show 
that the differential equation of equilibrium of the shell after 
buckling and the boundary conditions proceed from the condition (4.4) 
Varying equation (4.3), we obtain on the basis of equation (3;10) 


SJ - jj j — SM-^SXp — SMgSXg — 2SEtST + hc^(x x w x + Xyto\^Sw x 


+ hCj^YyWy + XyW x )sWy 

d 2 SM, 


dx dy 


n n 


J 


dx 2 


+ 2 


5 2 SH 5 g SM g 


dx oy By 2 


+ hcrJ X x X 1 + YyX 2 + 2X y T ^ 


Sw dx dy 


I v (SMpI + SEm) Sw x + (SM p m + 8HZ ) SWy 

L 


he. 


,( X x”x + "•/•;() + 


3l5M l + 36 hV . 35H' 


Sli 


dx dy 


! m Sw 


s -y dx I 

/ (4.5) 


ds = 0 
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Here,. 7,. m are the ^direction cosines of • the normal to the 
■boundary of the plate and X v , Y y are the stresses on the 
boundary 


X^ — X x 2 f ^-y 111 
Y v = Yyin + x y 7. 

and the quantities 




chc 


55H 

Sy 


- m i 


5bm p 

Sy 


58H 

cbt 


- sw 2 


represent the transverse forces. 

Because of the arbitrariness of the variations Sw and 
= 6w x 7 + Buya, we find from equation (4.5) both the differ- 
ential equation of equilibrium 

B 2 6M - 5 2 8II S 2 6m, 

— _i , + 2 + 2 

Sx 2 ox 5y Sy 2 . 


and the kinematic boundary conditions, either combined or in the, 
form of Kirchoff T s conditions; that 'is, the usual conditions for 
plates. 


+ her 


4 


X x X. 


■1 + 


Y X 

y 2 


2X t 
y / 


o 


(4.6) 


In the general case the forces 
functions of the coordinates x, y 


x h 



Ti, T^, S appear as knpwn 
and hence the stresses ■ 
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and the quantities t and k are variable. Taking into account 
equations (3.9). and (4.1), we conclude that, the equation of equi- 
librium (4.6) will he a homogeneous linear differential equation 
of the fourth order with variable coefficients containing all 
possible derivatives in x and y from the fourth to the second 
order. 


Let us write this equation in explicit form for the case where 
the forces acting in the middle surface of the plate are constant. 
For axes of coordinates x, j, we shall take the principal axes of 
stress, since the latter will be straight lines. 


In this case the shear stress X may be put equal to zero 
without loss of generality. From equation (3-9) we have 


D 

6M 

~D 


= -(1 - t) 


d w + 1 
6x^ ^ 


9 r ** _ ’ _ a? T " y v 2 


V S(l - * - zi + 


2 . _(!_♦)(& + i slu Mi 

\5y^ ^ or? J ^ 



+ X. 



= - i(i - *) ii- 

D 2 6x dy 


•(4.7) 


Introducing these expressions into equation (4.6) we find the 
basic differential equation of stability (generalization of Bryan's 
equation) 

■■ 3 1 - ♦ - > t _ j 1 1 j _A_ 

} J 3y2 

*. V^r (4 - 8) 



or 


The quantities t ’and k are functions of the intensity of 
stress and can be evaluated for given intensity by formulas (3-7) 

and (3.8) if the characteristic of the material of the Bhell is 
given Cj_ = aj_(e^) . 
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If, tinder the action of the' given forces, the shell does not 
go too far "beyond the elastic limit, so that differs little 

from the yield limit of the material cr the function ^ ■ will "be 

• , . s 

an extremely small quantity and can "be neglected; oh the other hand, 
the generalized modulus of von Karman k equal, to one at the 
olastic limit may diminish greatly in accordance with the great change 
in the modulus deride ^ in the zone of transition to the yield limit. 

The generalized equation of Timoshenko for a uniformly stressed 
plate takes the form 

(l — $) J J ^j _ 2 + Xrj 2 + ^^2 + T ) — |-(l — i|f — k) J j (^x\ 


,)v ? ) 2 to ay + 


I y 

(k x w x 2 + Y y v y 2 ) dx dy = 0 


(4.9) 


It is easily seen that the difficulty of find.ing the critical 
forces by equation (4.8) or equation (4,9) is not much greater than 
in the elastic case. The difficulty lies in that the sought critical 
stress (for example, cr^) enters implicitly in the coefficient of 
every term of equation (4.8) or equation (4.9); whereas in elastic 
problems it appears as a coefficient of only one term. This diffi- 
culty is easily avoided if instead of seeking the critical stress 
°^ CT f° r given dimensions of the shell we sedk the critical 

value of some characteristic dimension for a given value of' cn 

Let l be the characteristic dimension of a plate . In analogy 
to a strut, let us designate the flexibility ’.of the plate in relation 
to the dimension l by 


X *’Wl2(l - V 2 ) 


(4,10) 


that is, the flexibility of a flat strip of length l and width 1, 


plate 


With the use of the dimensionless coordinates of points in the 


y = Z 
3 l 




•whore 




3 1 ~ t k y 2 
^ 1 - ♦ y 


3 1 - ± - 
^ 1 - 1 


The problem comes down to finding the characteristic value of the 
parameter X . 

Let ue examine some concrete problems: 


1. Stabil it y of a compressed atrip .— A strip, whose length 7 
is considerably greater than its width b is compressed in the 
longitudinal direction with the stress -X x , with the other stresses 


equal to. zero 
have 


*y - *y = °* 


the long edges are free of forces. We 



. Since the bending moment SMg and the twisting moment 5H are zero 

along the long edg©s (y =0, y = b), then because of the small 
width. they may be taken equal to zero everywhere . 
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From equation (4.7) we find 

T = 0 * 2 = -§ *1 f 


From equation (4,6) we obtain.. 


A + K x 2. 

Sx 1 *- . 3Ek ' ■ Sx 2 


(4.13) 


(4.14) 


If the characteristic value of the parameter 




X 2 


is known for given edge conditions at the ends x = 0, x = 1, the 
critical flexibility becomes known: 



-'cr \ 


k 


V 


ff i 


(4.15) 


Thus, for a freely supported strip j ov = n and the formula (4.15) 
coincides with the results of von Karman— Engesser, 


2 * Szl . l^hical form of b uckling .— If the transverse dimension b 
of rectangular plate is sufficiently great in comparison with the 
thickness h and the edges j - 0, y = b are free, or if the dimen- 
sion b is considerably greater than the length ~i , so that by 
St. Yenant’s principle the boundary conditions at the sides y = 0, 
y = b do not influence the doformations of the plate, the form of 
buckling will be cylindrical. Assuming that in equation (4.11) 


= — T - 0 w = w(x) 

we obtain 

Sh - ♦ t 7A ah + 'aSt „ 


0 


(4.16) 
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Finding the critical value of the parameter 

ken 


7 ~ 


E(1 -ijr + 3k) 


for given edge conditions at 5c = 0 „ x = 1, we obtain the critical 
flexibility 


^■cr ~ y< v 


cr \ 


/ ' • 

/b ( 1 -t + 3k) 

ka. 


(k.lT) 


For freely supported edges 7 = « . 


3. Stability of a uniformly compressed plate of a rbitrary -plan 
form .- Talcing as the condition of the problem 


X x “ Y y = ^x " Y y = ~ 1 

we transform the differential equation (k.ll) into 

ho. o 

1 vV + = 0 7 ^ = t —- 1 k (k.l8) 

E(1 - t + 3k) 

This equation differs from the well-known equation for elastic 
buckling only in the expression for the parameter 7, ^ and therefore 
■the characteristic numbers j ct will be the same as in elastic 

problems. 

Hence.,, the general solution of the .posed problem is given by the 
formula 


so - 1 _lM (u.19) 

kcr^ 

where 7 must be taken from the solution of elastic problems, 
cr 

For example, for a circular plate of radius l, clamped at the 
edge, we have y cr = 3- 833-7. 
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4. Stability of a freely Buunorted rectangular elate compressed ■ 
In one direction .— A plate- with the boundary 


x(x- a) y(y - b) = 0 


is uniformly compressed in the. x— direction. We have 


Y y = ° .. ^i = - X X 


Assuming, in accordance with the boundary conditions, 


w = E sin ~ Bin 2S 
b a 


we find from the generalized equation of Timoshenko (4.12) 


A = 


nl /E(l - j) 


a 


V a i 


k p 

l;rJL±J^. m g. + + 2a 

' i-(l — m 2 b 2 b 


2 ! 


(4.20) 


Let us investigate first .a plate infinitely long in the direction 
of loading a = «>. Eor the. characteristic dimension l we may take 
the width b. The number of half waves m will be infinite and the 
half wave length a* will be 


*,•' = d'i 


a=*» 

m=a» : 


l - b 


We have 


X — JT i 


JS!3L=& 


.t.3.fc foY + {* 

U -i) V ; 1 \b 


4(i - *) 


Sf 

p ) 


and, consequently, the smallest flexibility corresponds -to the. wave 
length 


a 


* = b 


4 ji ~ + 3k 

\J 4(1 - t) 


(4.21) 


30 


MCA TM ‘No, 1116-' ‘ 


and; is-eqtial , ay ,y ~J 'SC- ■' 


cr \ / cr., 


l + /k=JLLS 

\ y- Mi.-- t) 


(4.22) 


It is seen from equation (4.21) that each critical stress cfj... 
has its own wave length and, for example, at the beginning of the 
flow plateau of the material the wave length may he 30 to 40 percent 
less than at the limit of proportionality. As is seen from equa- 
tion (4.20), for a plate with arbitrary ratio of sides a and b, 
the critical number of half— waves is an integer satisfying the 
inequality • •. ■ . • 


m 4 - 1 >. m > 0 

D 

For a square ' plate a = b = i we. have m =1- and . , • . 

; • \ cr * |,/|-|l3(l---t.) + 34 •• (4.23) 

There is no need to extend the number of examples of stability 
of compressed plates, inasmuch as 'the method -of. solution of the 
problems remains general and differs little from the solution of. , 
corresponding questions of elastic stability, not . only; in the . 
course of the calculations but also in the possible forms’ of 
buckling, in the sense of the form of the function w(x,y) . We 
always obtain the exact or, in the general case, approximate value 
of the critical flexibility or critical forces if we put the deflec- 
tion w(x,y) obtained for the elastic problem into the generalized 
equation of Timoshenko (4.12). Thus, we will obtain the exact expres- 
sion for the critical forces and flexibility for a rectangular supported 
plate compressed in two directions, if we place 


w - B 


sin 


mjtx 


sin 



racy . 
“b ' 


and. select the appropriate values of m.. and. . n. 
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5 . STABILITY OF. CYLINDRICAL SHELLS .LOADED BY EXTERNAL 
ERESSURE AND AXIAL COMPRESSION 


Let tie Investigate the cylindrical form of buckling of a 
cylindrical shell under the action of uniform external pressure p 
and uniformly distributed axial force. The x-^axis- is in the direction 
of the generators of the cylinder* arid the y-axis is tangential. The 
stresses X x * Y y are taken compressive (negative')-. '■ 

From the conditions of the problem we have 


X = T * 0 


Xy — 


x y .° 

ix. 


\/*x 2 - V, + V 


Y, 


y .. 


A 2 - Vy + Y ; 


7- 


From equations (3.9) we obtain expressions for the' moments in 
terms of the nonzero distortion 


8M i -• - 1 


5M 2 =' - D . 


5H = 0 


1 f - 1(1 - * - k )X x Y y 


X 


1 - J(1 - * - k)Y y 2 


V N 


The stiffness 


(5.1) 


D" « Dll - t - 1(1 - * - k)Y y 2 


(5.2) 
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depends not only on the. degree of pi.astic deformation (cT-p k, ty). 


"but also on the ratio of the tangential- to the axial stresses. 

The smallest stiffness occurs when the quantity Y y 2 is a maximum 


X_ 


= i y; ' 


2 yj- 


For a circular cylinder this ’condition means that the resulting 
axial force is equal to .the lateral pressure -multiplied by the area 
of an end of the cylinder; it 'is .realized in the case- of cylinders 
with closed ends, subjected to external pressure on ‘all surfaces. 

The smallest stiffness will be 


D" = kD 


that is, obtained by replacing Young's modulus by the generalized 
von Karman modulus K, 

By way of an example let us investigate a complete circular 
cylinder of radius ... R,„ .subjected to a constant external pressure 
p, and axial compressive - force . Q, • so that 



Q 

2rtRh 


The corresponding elastic problem was solved first by M. Levy 
(reference 12) . Referring to the well-known book of Timoshenko 
(reference 13 ) we. shall write, without derivation, the expression 
for the curvature ' ''■>> in terms of the normal deflection w, and 
the moment SM 0 

2 -n. 



(5.3) 


8^ "= E PW = -hcrjYyW 


On the basis of equations (5.1) the differential equation of 
stability will have the form 
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stoa. 'tide.' critical stressors’ f6imd 'f.rom the : -con.aition of periodicity 

Of it's solution^' •; ;..V bnl ' 'i ■ ' £:?/ •• •/; 

-• : ' •* j '•;? r ' *'* ■.» j.r i ; ■ ■* jw. v • ' * ,/y t ; iv^fl ;; • s -j 'V' . 

• v '< • ^ V ' C.jj-R~h * «• • • 1 - K * 

= -3 ; ...V- •%'->v'(.5.4)\<« 

D" y ' 

(:/. Using expression (4,10). for the ..flexibility : X / and choosing 
the circumference 1 - 2kR as the characteristic dimension, we 
obtain the critical flexibility 

, ' 4(1 - ii 3(i - ;:Jy • 

X .0V 11 \ /?.— — r= — r-rJ- .(5,5) 


* -L 


or, in 'the )case : of uniform pressure - on all the surfaces of ; the. ■ 
cylinder \T X = i Y.^ ' ' v ' f 


X cr = it 


'6 k/ 3- Ek 


(5.6) 


and in the case of absence of axial force (X^ '0) : 


^cr “ |/?(1 - t + 3 k) 


G i 


6. LONGITUDINAL BUCKLING OF A CYLINDRICAL TUBE UNDER 
AXIAL FORCE AND UNIFORM- ; LATERAL PRESSURE 


Let us Investigate the axial symmetric form of longitudinal 
buckling of a cylindrical tube of radius R.’ For the elastic case 
this problem has been studied from various points of view by Lorenz, 
(reference 14), Tzell, Timoshenko (reference 15), and others. The 
complication beyond the elastic limit consists :im 'the fact that • ; 
buckling is accompanied by changes in the middle surface forces, 
and hence, in place of the simple system of equations (3.9), the 
general expressions for forces . arM- moments ; (equations ,.(2.13) ; (2.18), 
(2,19), and (2.21)) must be used; while the boundary of the plastic 
region z Q will be a function of the form of buckling, and there— 

fore, ,in general, the differential equation of /equilibrium becomes 
considerably complicated and nonlinear. 


3 It/ ’ • MCA TM Ho.'.'.: 1116 5 ?-.:*. ' : 

• ; -'Let vis retain the coordinate system in f’ 9. Stability: of ^Cylindrical 
Shells Loaded by External Pressure and. Axial Compression."- ...We shall', 
t ake the base state of the shell before! . buckling such that the axial 
compressive stress ■ -X x is twice as 'great; as the tangential stress 

— V " - caused by the uniform lateral 1 pressure . ... 

y 

•’ ■I,."' .- : • X x = 2Y y ' T x = S® 2 (S’- 0- '\ • • '• ' ; (6.lf 1 

. j 4 . , * 

As is well kndwn,'at the elastic limit /.the -choice'’ of the quan- 
tity -Tv does not- inf luCnce ' the critical value of the axial stress 

X , and beyond the elastic limit our condition introduces a basic 

simplification into the solution of .the problem. -In fact ; the 
condition (6,1). is equivalent to the assumption that before, buckling , 
the tangential strain e yy = 0 as follows from equations (l.l); 
moreover, after buckling we have 

>' 

i . 5Ti = 0 SS = 0 . ST 2 f 0 (6.2) 

From equations (2,10) we now obtain . . 

• cp — Q 


consequently, the boundary z c between the elastic ..and .plastic 
regions according to equation : (2.l8) turns' out to be constant: 




/do . 

l 

de 


z o = 


’ l/; 4£ i 




- (6.3) . 


From . equation' (.2-. 13) we' have 


ST A; ■ r 




o ■+■ g +■ (d 0 - d) g ol € i + |(- u o - d)(i -.i! 0 2 ) x q : /* 


+ "'t a2(1 ~ + I \) 


25T,. 

£ 

hcr.}_ 


= 3 d 0 + d + (d 0 - d)z c 


+ |(dn - d)(l — Z n 2 )> 


o~> y ' / 2. 


53 = 0 e 3 = 0 


. ' (6.k) 


\ 
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The distortions X^, Xg and the strain e 0 are expressed in 
terms of the normal deflection w (positive inwards) by the formulas 


■ Pi - 


d 2 w 

p 

ax G 


Y _ 2 V - w 
X 2 - h X 2 " 


6 = _ £ 
2 R 


(6.5) 


and, consequently, equations (6.4) give, firstly. 


81V = - k'Eh 2 


w 


B 


k‘ - 1 - | ®Jl - a 0 + ^ (1 - z 0 g ) => 1 - ®^L - | \/fcj (6.6) 

where k, as before, is the relative generalized von Karman modulus 
and, secondly, 

(. ,1 \ ' ,(P ° " ff)(1 " *° a) + a2(1 - V (r. , 1 rr \ ,, 

“ V C 1 + 5 € 2 j = Tp : 7 TTv v x l + 2 x 2 ) (6 * 7) 

x • 8|n 0 + U + (n Q - n)z 0 | ' 

Formulas (2.21) give the value of the moment, 5M-, 

- h 0 

where the coefficient k" is given by 


k” = 1 i »(! - v*> - & 1 - 




m(l - zj) 


& 2 - o)(l - z 0 ) 


r - 


] ^ c; j \ _ 3 

03 - i 7” )’ 3 ~ 3*0 * V/ 


0) (l — Z Q 2 ) + (1 — 05 — 


n dCT - 

1 J 


E d € 


- 2 C 
i / 


Taking. into account that op the basis of equation (6.3) 


x dcr. ' fl'+ V 8 '"' ’’ 


E dC: 


.1 — z. 
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we obtain after simple transformations . 

K" ■ (1 + z 0 ) 2 - k 

Thus, 

/ 2 • ; \ 

SM-, . -KD( ~ + ) (6.8) 

\a x 2 -2E 2 / 


The differential equation of equilibrium of an element of the 
shell- after buckling will be 


d 2 SM„ 


dx c 


+ T, 


a 2 
d w 


ST, 


+ ™ 


dx 1 


.2 ■ R 


= 0 


( 6 . 9 ) 


■Taking as the ..characteristic dimension: of the shell the radius 
R and- using the expression (4.10) for the flexibility X we have 


.4 
ax 4 


j 2 

2 _ & v 
= dx 2 


+ k*X 2 v = 0 


X 


R 

h 




(6.10) 





where we have discarded small- quantities -of the order 1 of. h/R in. 
comparison with 1. 


'In our case 



( 6 . 11 ) 


and since the coefficients k r k T are functions of the intensity of 
stress the convenient expression (6.10) may be written finally in the 
form 
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Jc.4r *4lt 8 

- -T? /.O . A <w*2 


dx 4 *E x/3 v . ax':.. 


( 6 . 12 ) 


Satisfying the conditions of support 'at the ends, of the tube 


4 2 w 

W « 0 HJL e 0 
dx 2 • ' 


we. find the critical flexibility 


V“ 


E A A _ m 

ff l 1/ v 2 


(6.13) 


The result obtained is very -simple and may easily be subjected 
to experimental verification, but it is necessary- to remember that 
it is strictly correct only In the case where the tube is subjected 
to axial force and lateral pressure, such that the ratio of axial to 
tangential stress is equal to two. 


7. NUMERICAL RESULTS FOR TRE MILD STEEL USED 
IN VON BARMAN’S EXRERIMENTS 


In this paper, giving the method of investigating stability, 
we cannot dwell at length upon the analysis of the multitudinous 
technically important problems, of. stability and give formulas for 
calculation, tables, and graphs for ail. the various steels used 
. in technology. In endeavoring to show' that the established view- 
point concerning the possibility of a wide application In practice 
or formulas for elastic' critical loads corrected according to the 
von Karman modulus is, in general, completely wrong, we shall 
present- numerical results in accordance with the .above given, , 
formulas only for the steel used in the experiments of von Karman. 

The mechanical properties of the steel are obtained from the 
tensile stress-strain curve for which Young’s modulus, tensile 
strength, proportional limit, and yield limit are 
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E 


= 2.17 x 10^, o-fr = 6800, 0 p = 2600, a s = 3250 (in kg/cm 2 ^ 


The first three columns of table I were computed from the 
stress— strain curve, and then by the.- use of formulas (l.t), ( 3 -7) , 
(3.8) the values of rigidity~deorease co, generalized modulus of 
von Karman, and the parameter were determined and put in the 
last three columns of table I. 

In table II are given values’ of the critical flexibility 


X = i \ /l2(l.: — v 2 )' 


for all of the above investigated cases of instability of plates 
’ and shells. P01- each value Of the critical stress 0^ are given 

three values of flexibility, in the first line . X r exact -by our 
■formulas; in • the second X" approximated .'by correct ion. according 
to von Karman 1 s modulus, in ' the third X'" - computed by the 'formulas 
of • the theory of elasticity. 


r-V. 


The last value X"' is obtained if in our formulas we place 
co * 0 (k = 1, t = 0) . 

Thus in table 'II are presented numerical values of the stiff- 
nesses computed from the data of. table I for the following cases: 


(l) Ton Karman strut and narrow, strip . ( l = a, o ^ =..-X x , = °) ; 


x 2 1 •= X- 


Ek- 


"■=*/- 
■ : V’"! 


. 1 


. / E 

" *\l a i' ' : ' 


(2) Wide strip with two' free edges ' (cylindrical bending; 
Z = a, .Oj = — Xjj, Yy = 0): 


V. = *, Xg” ■ = * v - Xj" = Tt; 




/e k 

y ^ 


I / °i 
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(3)iClrculap .plat©: ©lamped at‘ tfie edge' under uniform Compression 

(l > s, x s = Yy - -Cfj)! ■ \ 



( 4) long narrow plate , freely supported on all edges and compressed 
in the, direction of-.the- long" edge 3 (width b »• l, lmlf-Ware ' length desig- 
nated by a'j Xj. = -bj , ■ Y = 0): 



(5) Eyeely supported' square plate compressed in.on'e direction 
(-2 — a — !>., x x = — ©j.', Yy - 0 ) : *• •'••• 
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: $^©yuh^^';e'jct^^ iii t he ? atfs©’hce 6f nxiai forces 

' " ■'••' v$i : ' <■'■> .•■•• 

* 2itR, X x « 0, T y = -a x =-R: ' - f ' •' • rf , 


-i‘ i|r V 3fc) '"-V = ' rt \ l = 


\ 6 m = , /^® 

■'\/ ‘ 


’7) Tube with external;. pressure on all surfaces, that' is , : with . 

• /• r* !\ j * , • ! ! ' (J i ZV ’ 7 i • r .1 

axial force Q = itB^p (z =? 2rcB, X T ~ — Y . ■= — E& » — • 

V 2 y ■■*•-■ v/3/ • - .... 


-• haa x*,.*. /12a 


1 ^ ““ Xv-/ ' • ~ ‘ -Xu V / ■ ■ . i/V r "/ 

7 **7 - . A/ ^ ’• 


hi ; 


(8) Longitudinal buckling' of a tube under axial load and lateral 
pressure ^ = E, X x = 2 Y y = ~r : 



^ m 

x 8 


I 


n/3 


# If the curves cr^ = hj.(l) 'are drawn, they will all have a point 
of inflection at’ the '-yield.. plateau. -of ,the steel a. = cr_ = 3250 kilo—' 

• •• .I-. .. O . . , 

P . }-,* 

grams per centimeter , * ; " 

As a rule, the approximate theory with von Kerman* s correction 
factor gives appreciably lowered values -of the crrifical flexibility 
and, on the other hand, the elastic theory- gives appreciably raised 
values. It is interesting, to .note that in almost .all cases (except 
for the square plate,’ .where Xf ' = 81 . 3 ) the value s of the flexi- 
bility X” became zero at the inflection points, which means complete 
loss of load bearing ability at the \ yield. limit according to the 
approximate theory; whereas, in fact, in the majority of cases the 
flexibilities have finite values at the- inflection -points 


X 2 * = 30 * 34 


X,* = 37 ~ 42 


V 


105 ~ 119 


X 5 * = 119 ~ 123 Xg* = 104 ~ n8 
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and, c onse quently , load tearing ability is maintained not only at 
the yield limit but appreciably beyond. Thus for the flexibilities 



stability obtains at all stresses up to 
centlmdter^,' 'inclusive. ■ ■ " " 



4000 ' kilogram^ ^er- r -" ; 


Table XX shows the complete failure of the approximate theory 
of stability of plates and shells in which plastic defoihriations are 
taken^into account with the aid of the corrective, modulus of . ... 
von Karraan. This conclusion can be established definitely only" 
by experiment , but it Is to be remembered that: (.1) the experiments ;• 
of .von iCalmiah’ gs.ve complete agreement with his theory of the ■ stability ' 
of struts and; (2) the theory of stability of plates and she 11 g- 
proposed here contains no -arbitrary ' hypotheses and, being based oh'" " 
classical laws o+ plasticity and laws of mechanics, can already now-- 
give this conclusion with a high degree of authdriticity ’ '• ' ' 


Translated by E, B. Schwartz 
National Advisory Committee 
for Aeronautics 
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ej x 103 

-1 X 10~° 
de 

1 


1.20 

2.17 

0 . 

1.31 

1.98 

.014 

1.43 

1.54 

.034 

1.51 

1.12 

.054 

1.92 

.06 

.212 

2.1 to 2.7 

0 

.285 to 

2.9 

.042 

.482 

3.3 

.117 

.540 

4.7 

.140 

.657 

, 8.8 

.115 

.790 










TABLE II 





X 1 

\ 

2 

s 

x 4 

X 5 

X 6 

X 7 

x 8 


r 90.8 

90.8 

111 

181.6 

181.6 

314 

314 

1440 

2600 

\ 90.8 

90.8 

111 

181.6 

181.6 

314 

314 

1440 


I90.8 

90.8 

111 

181.6 

181.6 

314 

314 

1440 


f 84.8 

85.4 

104 

173 

173 

296 

296 

1290 

2800 

< 84.8 

84.8 

103.6 

173 

175 

296 

296 

1300 


[88.5 

88.5 

108 

177 

177 

306 

306 

1340 


[76.8 

78.7 

96.1 

166 

166 

273 

2 66 

1120 

3000 

176.8 

76.8 

91.3 

l6l 

161 

266 

266 

1130 


[ 84.5 

84.5 

103 

169 

169 

293 

293 

1250 


[69.0 

72.4 

88.4 

162 

160 

251 

239 

984 

3x00 

I69.O 

69.0 

84.2 

151 

152 

239 

239 

1000 


183.2 

83.2 

101.5 

166.4 

166.4 

289 

289 

1210 


[ 23.0 

42.2 

51.6 

132 

136 

146 

80.5 

296 

3240 

123.0 

23.0 

28.0 

46.2 

105 

80.5 

80.5 

328 


[ 81.5 

81.5 

99.5 

163 

163 

283 

283 

1155 


r 0 

34 to 30 

41.5 to 36.6 

119 to 105 

123 to 119 

118 to 104 

0 

0 

3250 

1 0 

0 

0 

0 

81.3 

0 

0 

0 


181.3 

81.3 

99-4 

162.6 

162.6 

282 

282 

1150 


fl 9.3 

36.5 

44.5 

114 

118 

126 

66.5 

206 

3260 

119.3 

19.3 

23.6 

38.5 

100 

66.5 

66.5 

271 


[81.1 

8l.l 

99.3 

162.2 

162.2 

281 

281 

1145 


[ 30.3 

41.6 

50.9 

116.5 

119 

144 

105 

318 

3300 

T 30.3 

30.3 

37.0 

60.5 

110 i 5 

105 

105 

425 


1 . 80.5 

80.5 

98.3 

l6l.O 

161.0 

279 

279 

1130 


1 * 31.6 

39.7 

48.5 

106 

108 

138 

108 

298 

3500 

131.6 

31.6 

38.6 

63.2 

109.5 

109 

108 

432 


[ 78.3 

78.3 

95.5 

156.6 

156.6 

271 

271 

1070 


f 27.3 

33.0 

40.2 

85.5 

87 

114 

95 

210 

4000 

127.3 

27.3 

33.4 

54.6 

100 

95 

95 

350 


[ 73.2 

73.2 

89.5 

146.4 

146.4 

254 

254 

935 
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